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Introduction
A cohomogeneity one G-manifold is a manifold M with a smooth action of a compact connected Lie group G which has a codimension one orbit. Such manifolds have been investigated in some pioneer works by T. Nagano ( [Na] ) and P. S. Mostert ([Mo] ), who studied the topology of the manifold M and of its orbit space M/G.
A new impulse to the research was given by L. Bérard Bergery in 1982 ([BeBe] ), who intensively used cohomogeneity one manifolds to construct new explicit examples of Einstein metrics. Some years later R. Bryant and S. Salamon ([BrSa] ) could find explicit complete metrics with exceptional holonomy on cohomogeneity one manifolds, while it is well-known that no such example can be found in the class of homogeneous spaces. These papers showed how the high degree of symmetry enjoyed by cohomogeneity one manifolds allows the construction of interesting invariant geometric structures.
In ( [PaTe] ), R.S. Palais and Ch.L. Terng investigated the differential geometric properties of cohomogeneity one (Riemannian) manifolds, while in series of joint papers ([A2] , [AA] , [AA1] ) the group-theoretic description of such manifolds was given. More recently, several papers appeared on the geometry of cohomogeneity one manifolds endowed with some invaraint geometric structure; among others, in view of our results, we like to refer to the work by A. Dancer and A.F. Swann, who classified cohomogeneity one hyperkähler Riemannian manifolds ( [DaSw] ). This paper is aimed at studying compact cohomogeneity one manifolds with positive Euler characteristic. Some basic facts about G-manifolds are recalled in section 1.1. Our starting point is established in [AA] , namely a one to one correspondence between G-manifolds M of cohomogeneity one with orbit space [0, π], and admissible triples (H, K, H ) of subgroups of G , see Theorem 1.1.3. The subgroup K corresponds to the common stability subgroup of all interior points of a suitable geodesic segment, while the two subgroups H, H correspond to the singular stability subgroups.
The positiveness of the Euler characteristic of M implies that at least one of the two singular orbits G/H, G/H have positive Euler characteristic and , hence, the corresponding stabilizer is a subgroup of G of maximal rank. This enable us to define the concept of positive triples of subgroups (H, K, H ) ( as an admissible triples of subgroups (H, K, H ) such that the rank of H equal to the rank of G ) and to reduce the classification of cohomogeneity one G-manifolds with positive Euler characteristic to classification of positive triples of subgroups of G and then to the positive triples of subalgebras of the Lie algebra g = Lie G. We devide all positive triples of subgroups of a compact Lie group G into 5 types and give the classification for three of them. Some applications of these results to classification of cohomogeneity one quaternionic Kähler manifolds are given.
Cohomogeneity one G-manifolds with positive
Euler characteristic and positive triples.
1.1 Cohomogenity one G-manifolds and admissible triples of subgroups of G.
A cohomogeneity one manifold is a manifold M together with an effective action of a compact connected Lie group G which has a codimension one orbit. If a complete G-invariant Riemannian metric g on M is chosen, we say that (M, g) is a Riemannian cohomogeneity one G-manifold. Then the orbit space Ω = M/G has a natural structure of one dimensional metrical space. Without lost of generality we may assume that it is isometric to one of the following standard metrical spaces: i) Ω = R; ii) Ω = S 1 ; iii) Ω = R + ; iv) Ω = [0, π] . Throughout the following, we will refer to [AA] and [AA1] for general results on cohomogeneity one Riemannian manifolds.
In the following, we will assume that the manifold M is compact so that the orbit space Ω is either the circle S 1 or the closed interval [0, π] . In the first case, the projection p : M → S 1 is a fibre bundle with fibre G/K, where K is the stabilizer of a point in M . Hence, the Euler characteristic χ(M ) = χ(G/K)χ(S 1 ) = 0. In order to deal with the second case, we recall the following basic definition Definition. A complete geodesic γ on a cohomogeneity one Riemannian manifold is called a normal geodesic if it crosses every orbit orthogonally;
It is well known that normal geodesics exist and that the group G acts transitively on the set of normal geodesics. Following [PaTe] , [AA] , we can consider the Weyl group of a normal geodesic γ as the group W of all isometries of γ which are induced by elements of G preserving γ. We note that the common stabilizer K of all regular points x ∈ γ leaves γ pointwise fixed and therefore the Weyl group can be identified with a subgroup of the quotient group N G (K)/K, where N G (K) denotes the normalizer of K in G. Now, if γ is any normal geodesic, we can consider a fundamental domain δ of the Weyl group W of γ and we will call δ a geodesic segment. We have the following Proposition 1.1.1. ( [Br] , [AA] ) All internal points of a geodesic segment δ have the same stabilizer K. In case when Ω = [0, π], the stability subgroup H of a boundary point of δ contains K and the coset space H/K is homeomorphic to a sphere S m , m ∈ {0, 1, 2, . . . }. Now, we can associate with a geodesic segment δ some set θ of invariants in the following way: when Ω = [0, π], we put θ = (H, K, H ), where K is the common stability subgroup of regular points in δ and H, H are the stability subgroups of two singular boundary points of δ, with H/K and H /K both homeomorphic to some spheres S m , S m respectively. Since the group G acts transitively on the set of geodeic segments, if we pass to another geodesic segment δ = aδ, a ∈ G, the the elements of the set θ transform by conjugation associated with the element a ∈ G in an obvious way. Therefore, we may consider the elements of θ, up to conjugation, as invariants of the Riemannian G-manifold.
Conversely, we give the following Definition.
(1) A pair (H, K) of compact Lie groups with K ⊂ H is called an admissible pair of groups if the homogeneous space H/K is diffeomorphic to a sphere S m , m ≥ 0. If, moreover, H acts on H/K effectively, resp. almost effectively, that is with discrete kernel of non effectivity, the admissible pair is called effective, resp almost effective.
(2) A triple θ = (H ⊃ K ⊂ H ) of closed subgroups of a compact connected Lie group G is called an admissible triple if the pairs (H, K), (H , K) are admissible.
An admissible triple θ = (H ⊃ K ⊂ H ) is said to be effective, resp. almost effective if any subgroup of K normal in G is trivial, resp. finite. (3) Two admissible triples θ = (H, K, H ),θ = (H,K,H ) are said to be equivalent if there exists an element n ∈ (N G (K)/K) 0 such that the triples (H ⊃ K ⊂ nH n −1 ) andθ = (H ⊃K ⊂H ) are conjugate by some element of G.
Remark that an almost effective admissible triple of subgroups of G becomes effective if we factorize G and subgroups of the triple by the finite subgroup Z(G) ∩ K, where Z(G) is the center of G.
The following proposition shows that in most cases one may consider only triples of connected subgroups. Table 2 .1), it follows that the stabilizer H o ∩ K is connected and therefore it coincides with K o . The same argument can be applied to H Now, we define an admissible pair and an admissible triple of Lie algebras of a compact Lie algebra g. We will always denote Lie groups by capital Latin letters and their Lie algebras by corresponding small German letters.
Definition.
(1) The pair (h, k) of Lie algebras associated with an admissible ( almost effective ) pair (H, K) of Lie groups is called to be admissible (effective); (2) The triple (h, k, h ) of subalgebras of the Lie algebras g = Lie G associated with an admissible ( almost effective) triple (H, K, H ) of subgroups of a compact connected Lie group G is called an admissible (effective) triple of subalgebras .
If the Lie group G is semisimple, in the above definition one may always assume that it is simply connected.
Using this remark, we easily obtain the following intrinsic characterization of admissible triples of Lie subalgebras. Proposition 1.1.3. Let h, k, h be subalgebras of a compact semisimple Lie algebra g such that k is a proper subalgebra of h and h . Denote by H, K, H the corresponding connected subgroups of the simply connected Lie group G associated with g. Then
(1) the pair (h, k) of Lie algebras is admissible if and only if H/K is a sphere, (2) the triple (h, k, h ) of subalgebras of g is admissible , if and only if the pairs
Remark that an admissible pair (h, k), resp., triple (h, k, h ) of subalgebras is effective iff k has no non trivial ideal of h, resp, of g.
We may now state the fundamental result (see [AA] ) Theorem 1.1.3. There exists a one to one correspondence between compact cohomogeneity one G-manifolds with orbit type iv) up to a G-diffeomorphism ( resp., up to a diffeomorphism) and admissible triples of subgroups of G up to a conjugation in G (resp., up to an equivalency).
1.2 Euler characteristic of cohomogeneity one G-manifolds and positive triples θ = (H, K, H ).
In this section we will investigate the topology of a compact G-manifold M of cohomogeneity one with the orbit space of type iv).
We choose a G-invariant metric g on M such that Ω = [0, π] and denote by γ a normal geodesic such that γ| [0,π] is a geodesic segment. This means that all the internal points γ(t), t ∈ (0, π)] are regular and have the same stabilizer K and the boundary points γ(0), γ(π) are singular and have stabilizers H and H , respectively.
In this situation, we can consider the two G-invariant submanifolds M 1 = G · {γ(t); 0 ≤ t < M = M 1 ∪M 2 , we can apply the Mayer-Vietoris exact sequence in cohomology with a coefficient group Λ, to get the following
We rewrite this exact sequence as follows :
As immediate corollary of this, we get Proposition 1.2.1. Let M be a cohomogeneity one G-manifold with the orbit space [0, π] and let θ = (H, K, H ) be the associated triple of subgroups of G. Then the Euler characteristic χ(M ) is given by
As a useful corollary, we have 
Proof. Recall that the Euler characteristic of a cohomogeneity one manifold with the orbit space S 1 has zero Euler characteristic, see section 1.1. Hence we may assume that the orbit space is [0, π] and apply proposition 1.2.1. The statement follows from the fact that a compact homogeneous manifold G/L has non negative Euler characteristic χ. Moreover χ > 0 if and only if rk G = rk L and then χ = w(G)/w(L) ,where w(G) is the order of the Weyl group of G.
Remarks that if rk G = rk K, then χ(M ) = 0 and H/K and H /K are even dimensional spheres.
The last corollary suggests the following definition Definition 1.2.3.
(1) An effective admissible triple
The triple (h, k, h ) of Lie subalgebras of the Lie algebra g = Lie(G) associated with a positive triple (H, K, H ) of subgroups of a compact Lie group G is called positive. Theorem 1.2.4. There exists a one to one correspondence between compact cohomogeneity one G-manifolds with positive Euler characteristic up to a G-diffeomorphism, (resp., up to a diffeomorphism ) and positive admissible triples of subgroups of G up to conjugation in G ( resp., up to an equivalency ).
Proof. The theorem follows immediately from Theorem 1.1.2 and Corollary 1.2.2 .
We conclude this section mentioning another topological tool which will be useful later on. With the same notations as above, if G/K is a regular orbit and G/H is a singular orbit with K ⊂ H, we have a natural fibration π : G/K → G/H with typical fibre H/K which is diffeomorphic to some sphere S m ; if the manifold M is orientable (hence G/K is orientable) and G/H is orientable, we may relate the cohomology of the base manifold G/H with the cohomology of the total space G/K by means of a Gysin exact sequence, given by
where π * denotes integration along the fibres and ∧e means multiplication by the Euler class of the sphere bundle.
1.3 The canonical decomposition of the principal stability subalgebra k and the five types of admissible triples.
Let θ = (H, K, H ) be an effective admissible triple of subgroups of a Lie group G and (h, k, h ) the corresponding triple of subalgebras of g. Then there exist representations
of H and resp., H into the spaces V = R m+1 , V = R m +1 , respectively, such that the homogeneous spheres S m = H/K, S m = H /K are realized as the orbits j(H)v, j(H )v , of some vectors v, v . We will say that the representations j, j are normal isotropic representations, see [Br] .
Denote by N = ker j, N = ker j the normal subgroups of K. Then we have a decomposition of the Lie algebra k of K into the sum of three ideals
where n and n are the Lie algebras of the ideals N, N and k 0 is an ideal of k complementary to the ideal n+n . We call this decomposition the canonical decomposition of the subalgebra k.
We separate all effective admissible triples θ = (H, K, H ) of subgroups of a Lie group G and the corresponding triples of subalgebras into five types:
(1) Type 0 G = H (For all other types we will assume that H and H are proper subgroups of G) (2) Type 1 (h, k) is an effective pair, that is n = 0 (3) Type 2 (h, k) is not effective (n = 0), but (h , k) is effective (n = 0) (4) Type 3 k = n + n with n, n = 0 (5) Type 4 k = k 0 + n + n with k 0 = 0, n = 0 and n = 0.
2. Classification of cohomogeneity one G-manifolds with a fixed point.
In this section we will classify type 0 effective admissible triples of connected subgroups (H, K, H ) of a compact connected Lie group G . They correspond to cohomogeneity one G-manifolds M with a fixed point of G. In this case we have G = H ⊃ H ⊃ K and the normal isotropy representation j of G = H may be identified with the isotropy representation of G at the fixed point p of G. In particular, the representation j is exact. The A.Borel classification of the transitive actions of compact connected Lie groups on spheres implies the classification of effective admissible pairs of Lie algebras. The list of such algebras is given in the following Table 2 .1. 
a n a n−1 2n + 1
This implies that the stabilizer H is also connected. This remark reduces the classification of effective admissible triple of subgroups of type 0 to classification of admissible triples of subalgebras (h, k, h ) such that (1) (h, k) is an effective admissible pair; (2) h ⊇ h ⊇ k and (h , k) is an admissible pair. Using Table 2 .1 , we easily obtain the classification of all such triples of subalgebras and, hence, the classification of effective admissible triples of type 0. More precisely, we proceed as follows: a) we fix any admissible pair (h, k) from Table 2.1; b) for any ideal n of k (trivial ideals included), we consider a complementary ideal k 1 ⊆ k such that k = k 1 ⊕ n; c) we consider all effective admissible pairs (h 1 , k 1 ) from Table 2 .1; d) for any pair (h 1 , k 1 ), we consider all subalgebras h of h such that (1) k ⊆ h ; (2) n is an ideal of h and h /n ∼ = h 1 . It is clear that we always have obvious triples like (h, k, h) and (h, k, k). We come up with the following Table, in which we omit the case h = k or h = h. n.
h k h 1 a n a n−1 R + a n−1
In the previous Table, the only triple which deserves some comment is the last one, n.8, namely (b 4 , b 3 , d 4 ); this triple comes from the effective pair (b 4 , b 3 ), corresponding to (H, K) = (Spin(9), Spin (7)). In order to find out all proper subalgebras h with h ⊃ k = b 3 and H /K diffeomorphic to a sphere, we first note that, being k simple, the slice representation j is either exact or zero. This means that h can be a priori isomorphic only to b 3 + R or to d 4 . We decompose
where m i , i = 1, 2 are two irreducible ad(k)-invariant subspaces of h; note that dim m 1 = 7 and dim m 2 = 8. Since none of the m i is trivial, it follows that h can be only isomorphic to d 4 . On the other hand, it is known (see e.g. [Murakami] ), that Spin(7) ⊂ Spin(8) ⊂ Spin(9) with Spin(9)/Spin(7) ∼ = S 15 and Spin(8)/Spin(7) ∼ = S 7 , so that the triple (b 4 , b 3 , d 4 ) is admissible. Moreover the argument above shows that there is only one subalgebra h of b 4 which contains k and is isomorphic to
3. An easy verification shows that in all the cases enumerated in Table  2 .1, each triple is unique up to equivalence, i.e., if θ = (h, k, h ) is any triple from Table 2 .1 and θ = (h, k, h") is any admissible triple of Type 0 with h isomorphic to h", then θ and θ are equivalent.
Indeed, in cases (1), (3), (4), (6), (7) we have that h is uniquely characterized as the centralizer C h (k ss ), where k ss is the semisimple part of k.
In case (2), any two subalgebras h , h" of h which contain k and are isomorphic to R + c n−1 are conjugate by some element of N o H (K). In case (5), if h" is any subalgebra containing k and isomorphic to 2R + c n−2 , then it can be decompose as c n−2 + m, where its center m is two dimensional. It then follows that m is contained in the centralizer C h (k ss ) = R + a 1 . We can choose a maximal abelian subalgebra t of a 1 in such a way that k is given by R ∆ + c n−2 , where R ∆ is a copy of R embedded diagonally into R + t; now it is clear that R ∆ ⊂ m ⊂ R + a 1 and m must coincide with R + t.
In case (8) we already discussed the uniqueness of h .
We may now classify the corresponding G-manifolds.
Theorem 2.4. Let M be a compact manifold together with an almost effective action of a connected compact Lie group G, acting on M with cohomogeneity one and one fixed point. We denote by (G = H, K, H ) the corresponding associated triple. Then:
(1) if M is not simply connected, then M is diffeomorphic to a real projective space; (2) if M is simply connected, then M is G-diffeomorphic to one of the following G-manifolds:
Proof.
(1) If M is not simply connected, we may pass to the universal covering space π : M → M ; we endow M with a G-invariant metric and pull it back to a Riemannian metricg onM . It is well known that the action of G on M lifts to an action of some connected covering groupG onM ; the action ofG isg-isometric and still of cohomogeneity one (note that the compactness of G implies thatG is closed in the full group of isometries of (M ,g).)
Now, if G fixes p ∈ M , thenG fixes π −1 (p) pointwise; being the action ofG of cohomogeneity one, π −1 (p) contains exactly two points andM is compact. Now it is a standard fact thatM is diffeomorphic to some sphere and M to the corresponding real projective space.
(2) First of all, we recall that, if M is simply connected, then no singular orbit of G is exceptional (see [Bre] ). It follows that all subgroups K and H of H = G are connected. By Remark 2.3, for each given triple θ of Lie algebras θ = (h, kh ) from Table 2 .2, it is enough to consider a compact connected Lie group G = H having h as Lie algebra and to find a G-action on some manifold with associated triple θ.
In order to do this, we consider the compact Riemannian symmetric spaces of rank one (CROSS) and use the following argument. If M = L/P is a CROSS, where L, P are compact connected Lie groups, then P acts (via the isotropy representation ı) transitively on the unit sphere S of the tangent space T eP M ; so if H is any subgroup of P such that ı(H) still acts transitively on S, then H acts on M with cohomogeneity one.
We now apply this argument to each CROSS, the case of the sphere being clear. For M = CP n+1 , we have that P is isomorphic to U n+1 and contains SU n+1 . So we get two cohomogeneity one actions on M , one of G = U n+1 and the other one of G = SU n+1 . The second singular orbits are diffeomorphic to complex projective spaces and we get the triples (
2n , we have that P is isomorphic to U 2n and contains H = Sp n and
n , then P is isomorphic to Sp 1 · Sp n and contains H = Sp n and
For M = CaP 2 2 , then P is isomorphic to Spin(9) and does not contain any other subgroup acting transitively on the unit sphere S = S 15 .
Remark. We note here that the cohomogeneity one action of Spin(9) on CaP 2 with associated triple (Spin(9), Spin(7), Spin(8)) gives a nice (and well known) geometric visualization of CaP 2 as a 16-dimensional cell attached to a 8-dimensional sphere (the second singular orbit Spin(9)/Spin(8)); the second singular orbit, which is diffeomorphic to S 8 , is actually the cut locus of the fixed point of Spin(9) with respect to any F 4 -invariant Riemannian metric on CaP 2 .
3. Rank n extensions of compact rank n Lie algebras and maximal rank n Lie algebras.
Rank n extensions of compact Lie algebras.
In this section we describe all rank n extension of a compact rank n Lie algebra. We start with the following Definition. Let h be a compact Lie algebra of rank n. A compact Lie algebra g of rank n will be called rank n extension of h (or shortly extension) if h is isomorphic to a proper subalgebra of g. In case, we will denote such g as h ↑ .
Let h = R k + h 1 + h 2 + · · · + h s the decomposition of h into sum of the center and its simple ideals h i , i = 1, . . . , s. We describe now some "elementary" extensions of h.
Any such elementary extension consists in enlarging one ideal q of h by its extension q ↑ given in the following list:
(1) Extensions of a simple summand:
(2) Extensions of a semisimple ideal:
⊂ e 6 (3) Extensions of a non semisimple ideal:
We have Proposition 3.1.1. Any extension is a composition of elementary ones.
Proof. It is enough to check that any rank n compact Lie algebra g which contains h = R k + h 1 + · · · + h s as a maximal rank n subalgebra can be obtained by means of elementary extensions. Let
the decomposition of g into sum of the center and simple ideals. Any Cartan subalgebra of h has the form t = R k + t 1 + · · · + t s , where t i is a Cartan subalgebra of h i . Note that t is also a Cartan subalgebra of g. Hence any simple ideal h i is generated by root vectors and it is contained into some ideal g j of g. This implies that
where h ∩ g i is a maximal subalgebra of maximal rank of the simple Lie algebra g i . Now the claim follows from A.Borel and J.Siebenthal classification of maximal subalgebras of maximal rank in a simple Lie algebra, which is recalled in the next subsection.
3.2 Maximal rank n subalgebras of rank n Lie algebras.
In this section we recall the A.Borel and J.Siebenthal classification of maximal subalgebras h of maximal rank n in a simple Lie algebra g (see e.g. [GoGr] , [GOV] ).
Let Π = {α i } i=1,...,n be a system of simple roots of a simple Lie algebra g and letΠ = Π ∪ {α o } be the extended simple root system, where α o is the minimal root. We then denote by n i ∈ N the coefficients such that n i=0 n i α i = 0, n 0 = 1.
Then any rank n maximal semisimple subalgebra h of g has simple root system Π αi =Π \ {α i }, where α i ∈Π is such that the corresponding coefficient n i is prime. Any non semisimple maximal subalgebra of maximal rank has simple root system Π αj = Π \ {α j }, where n j = 1.
In the following table we enumerate all rank n maximal subalgebras of simple Lie algebras. We underline all subalgebras which are Lie algebras of compact Lie groups acting transitively and effectively on some sphere. Table 3 .1. Rank n maximal subalgebras h of simple rank n Lie algebra g. g h a n R + a p + a q , R + a n−1 n = p + q + 1, p, q > 0
4.Classification of cohomogeneity one G-manifolds of type 1.
In this section we classify positive triples of Lie subalgebras θ = (h, k, h ) of a compact Lie algebra g which are of type 1. This means that the corresponding pair (h, k) is effective and therefore it appears in Table 2.1.
Let θ = (h, k, h ) be a positive tripe of subalgebras of a compact Lie algebra g. Then, by definition, rk(h) = rk(g) = n. In other words, g is a rank n extension of the rank n Lie algebra h. All such extensions h ⊂ g, where h runs through Table  2 .1, can be easily classified using Theorem 3.1.1. The result is presented in the following Table 4 .1. Proper rank n extensions g of the rank n Lie algebras h from Table 2 .1 h g R + a n−1 a n , b n , c n , d n , a 1 + a n−1
To obtain a classification of all type 1 positive triples of subalgebras of a rank n compact Lie algebra g, we subdivide them into three types: 1A) Triples of the form (h, k, k), where (h, k) is an admissible pair. They correspond to admissible triples of subgroups of the form (H, K, Z 2 · K). The corresponding G-manifold has an exceptional orbit G/Z 2 · K. 1B) Triples (h, k, h ) with rk(h ) = rk(g) = n. 1C) Triples (h, k, h ) with h = k and rk(h ) = rk(k) = rk(g)-1. The list of all triples of type 1B) can be obtained as follows.
For any admissible pair (h, k) from Table 2 .1 which admits a proper rank n extension from Table 4 .1, we determine all rank (n − 1) extensions h of rank (n − 1) Lie algebra k and, using the results of section 3 and Table 2 .1, we choose those which satisfy the following two properties:
(1) h is contained in g; (2) the pair (h , k) is an admissible pair, We will say that an admissible triple (h, k, h ) is standard if the Lie algebras h, h are isomorphic (but nor necessarily conjugated by an element of G). All non standard admissible triples of type 1B are enumerated in Table 4 .2.
All positive triples (h, k, h ) of type 1C are determined in a similar way: we consider all admissible pairs (h, k) from Table 2 .1 such that h has a proper rank n-extension described in Table 4 .1; we then determine all rank (n-1) extensions h of rank (n-1) Lie algebra k and choose those h which satisfy properties (1) and (2). The result is given in the Table 4.3. Table 4 .2. Non standard positive triples (h, k, h ) with rk(h) = rk(h ) = rk(g) = n. g h k h a n R + a n−1 R + a n−2 R + a 1 + a n−2 b n R + a n−1 R + a n−2 2R + a n−2 c n R + a n−1 R + a n−2 2R + a n−2 d n R + a n−1 R + a n−2 2R + a n−2
a 1 + a n−1 R + a n−1 R + a n−2 R + a 1 + a n−2 Table 4 .3. Type 1 positive triples (h, k, h ) of subalgebras of a compact rank n Lie algebra g with rk(h ) = rk(k) = n-1 = rk(g)-1 and h = k.
g h k h a n R + a n−1 R + a n−2 a 1 + a n−2 c n R + c n−1 R + c n−2 c 1 + c n−2 a 1 + a n−1 R + a n−1 R + a n−2 a 1 + a n−2
5. Classification of cohomogeneity one manifolds of type 2.
Now we classify type 2 positive triples (h, k, h ) of subalgebras of a rank n compact Lie algebra g. Without loss of generality we will assume that rk k = rk h = n − 1 = rk h − 1. By definition, (h , k) is an effective admissible pair of Lie algebras of the same rank. Table 2 .1 shows that such pair is either (b n−1 , d n−1 ) or (g 2 , a 2 ). Since the Lie algebras k = d n−1 , a 2 are simple, k = n = ker j and h = R + k or a 1 + k. Using proposition 3.1.1. , we enumerate all extensions g = h ↑ of h as follows :
Note that a 1 +d n−1 has no extension for n = 7.Moreover, in case (1), the Lie algebra a 1 + d n−1 does not contain b n−1 as subalgebra and therefore has to be discarded. Case (2) gives no positive triple, because the Lie algebra e 6 has no subalgebra h = b 5 and a 1 + d 6 , e 7 have no subalgebra h = b 6 , see [GOV] , ch. 6.
In the case (3), the Lie algebras g = a 3 , c 3 , d 3 , a 1 + a 2 are not admissible, because they have no subalgebra h = g 2 . All other Lie algebras g contain appropriate triples (h, k, h ) of subalgebras. The final result of the classification is given in the following table.
Table 5.1. Type 2 positive triples (h, k, h ) of subalgebras of a compact rank n Lie algebra g with rk(h ) = rk(k) = n-1 = rk(g)-1 .
Cohomogeneity one quaternionic Kähler G-manifolds
In this section (M, g) will be a 4n-dimensional quaternionic-Kaehler manifold, which is by definition a Riemannian manifold whose holonomy group is a subgroup of Sp(1) · Sp(n). We will assume that n > 1 throughout the following.
Quaternionic-Kaehler manifolds, for brevity qk-manifolds, are automatically Einstein (see e.g. [Be] ) and we will assume that M is compact with positive scalar curvature (for brevity a positive qk-manifold). It is well known that a homogeneous positive qk-manifold is symmetric (see [A1] ), that is a Wolf space. For each compact simple Lie algebra (except su 2 ) there is exactly one compact symmetric qk-manifold, called Wolf space (see [W] ) and they are given in the following table
Moreover, it is known (see [PoSa] ) that any 8-dimensional positive qk-manifold is symmetric. We summarize some fundamental results on positive qk-manifolds in the following Theorem, which will turn out to be essential in our classification.
Theorem 6.1 [S] , [LBS] . Let (M, g) be a positive 4n-dimensional qk-manifold.
(1) M is simply connected and has vanishing odd Betti numbers. In particular M has positive Euler characteristic.
) is homothetic to a quaternionic projective space with its standard metric. (3) If b 2 > 0, then, up to homothety, M = Gr 2 (C n+2 ) with its symmetric metric. (4) The second homotopy group π 2 (M ) is 0 iff M is HP n and π 2 (M ) ∼ = Z iff M is Gr 2 (C n+2 ).
Our aim will be to classify positive qk-manifolds which admit an isometric action of an compact, connected Lie group G with a codimension one orbit. Note that the associated triple of subgroups (H, K, H ) is positive in view of Theorem 6.1 (1) and Corollary 1.2.2.
As a first corollary of Theorem 6.1, (1), we get the following Lemma 6.2. Let (M, g) be a cohomogeneity one positive qk-G-manifold. Then there are exactly two singular orbits of G and none of them is exceptional.
Proof. Indeed, the first statement follows from the fact the χ(M ) > 0 . The second statement follows from simply connectedness of M (see e.g. [Bre] ).
According to the results in section 1.2, we associate to the positive qk-G-manifold (M, g) a positive triple of subgroups (H, K, H ) of G and, correspondingly, a positive triple of subalgebras (h, k, h ) of the Lie algebra g of G. We first recall the following well-known fact about transformation groups of quaternionic Kähler manifolds (see e.g. [A1] ).
Lemma 6.3. Let (M, g) be a 4n-dimensional, compact qk-manifold which is acted on by a Lie group of isometries G. If p ∈ M is any point and if G p denotes the stability subgroup at p, then the isotropy representation ı :
The previous Lemma gives a strong constraint on the (positive) triple of subgroups (H, K, H ), since the isotropy representations of H, K, H must be contained in Sp 1 · Sp n . In the following sections, we will examine the types 0,1 and 2 separately, using the classification we obtained in sections 2,4 and 5.
Cohomogeneity one quaternionic
Kähler G-manifolds with a fixed point.
In this section we will consider a 4n-dimensional (n > 1) positive qk-manifold (M, g) of cohomogeneity one under the action of a connected compact Lie group G with a fixed point p ∈ M and we want to prove the following Theorem 7.1. Let (M, g) be a 4n-dimensional (n > 1) positive qk-manifold which is of cohomogeneity one under the action of a compact Lie group G of isometries with a fixed point. Then (M, g) is homothetic to the projective space HP n with its symmetric metric.
The proof of Theorem 7.1 will be carried out through several Lemmata. We start noting that, if θ = (H, K, H ) (resp., (h, k, h )) is the positive triple of subgroups (resp., subalgebras) of G (resp., g) associated to the G-manifold M , then H = G (resp.,h = g) and the triple is of type 0. First of all we rule out the possibility G = H . Lemma 7.2. Let (M, g) be a 4n-dimensional (n > 1) positive qk-manifold which is of cohomogeneity one under the action of a compact Lie group G of isometries with a fixed point. If (H, K, H ) is the associated triple of subgroups of G, then H is a proper subgroup of G.
Proof. Indeed if G = H , then the manifold should be diffeomorphic to a sphere. Since positive qk-manifolds have b 4 = 0, we should have n = 1.
We may therefore use the classification Table 2 .2; in view of Lemma 6.3, we may discard those triples of subalgebras (h, k, h ) from Table 2 .2, for which the corresponding isotropy representation is not contained into sp 1 + sp n .
Lemma 7.3. The positive triples of type 0 (h, k, h ) from Table 2 .2 for which the isotropy representation of h, k, h is contained into sp 1 +sp n are given in the following table n.
The corresponding triples of subgroups (H, K, H ) are given by the following
Proof. It is easy to see that all the triples of subalgebras (h, k, h ) given above have the claimed property; on the other hand, by direct inspection of Table 2 .2, the only triples of subalgebras which we have to discard are (a n , a n−1 , R + a n−1 ) and (R + a n , R + a n−1 , 2R + a n−1 ); these are easily ruled out, since the algebras h = a n and h = R + a n acting on V = C n+1 do not normalize any quaternionic structure on V .
The second statement about the triples of subgroups is immediate, if we prove that H is connected. But this follows from the fact that G = H and K are connected and H /K is a sphere.
We now use some topological arguments in order to characterize the manifold (M, g) according to its associated triple. We have the following Lemma 7.4. Let (M, g) be a 4n-dimensional (n > 1) positive qk-manifold which is of cohomogeneity one under the action of a compact Lie group G of isometries with a fixed point. The associated triple of subgroups (H, K, H ) of G with G = H is one of the following
Proof. We have to rule out the triples (2) and (4) from the Table in Lemma 7.3. Indeed, in these cases, one singular orbit is a point and the other one is a copy of a complex projective space CP 2n−1 . We may use the Mayer-Vietoris sequence (1.2.1), noting that regular orbits are spheres and the second Betti number b 2 (CP m ) = 1. We get that b 2 (M ) = 1 and, by Theorem 6.1 (3), the manifold (M, g) should be homothetic to the symmetric space Gr 2 (C n+2 ), hence
But, by Prop. 1.2.1, we have χ(M ) = 2n and this gives a contradiction for n ≥ 2.
The proof of the Theorem will be complete if we show that each of the triples enumerated in Lemma 7.4 is associated to the quaternionic projective space.
Lemma 7.4.
(1) For any triple θ = (H, K, H ) enumerated in Lemma 7.4, there exists an isometric action of the group G = H on the quaternionic projective space HP n which is of cohomogeneity one and has θ as associated triple; (2) Let (M, g) be a 4n-dimensional (n > 1) positive qk-manifold which is of cohomogeneity one under the action of a compact Lie group G of isometries with associated triple of subgroups (G = H, K, H ) given in the table of Lemma 7.4; then (M, g) is homothetic to the quaternionic projective space HP n with its symmetric metric.
(1) is easy to be verified, if we identify the group H = G with a subgroup of Sp n+1 , acting by isometries on HP n . (2) In these cases, one singular orbit is a point and the other one is a copy of HP n−1 . We may use the Mayer-Vietoris exact sequence (1.2.1) with coefficient group Z 2 , using the fact that H 2 (HP n−1 , Z 2 ) = {0} and regular orbits are spheres. We get that H 2 (M, Z 2 ) = {0} and it then follows that the fundamental class ξ(M ) vanishes; by Theorem 6.1 (2), we get our claim.
Cohomogeneity one quaternionic Kähler G-manifolds of type 1.
In this section we will examine the case of a cohomogeneity one, positive qkmanifold (M, g) which is acted on isometrically by a connected compact Lie group G with cohomogeneity one and associated triple of subalgebras θ = (h, k, h ) of Type 1. This means that the normal isotropy representation j : h → o(V ) is exact and rk(h) = rk(g). Throughout the following we will refer to the discussion of Type 1 positive triples given in §4. In particular we will prove the following Theorem Theorem 8.1. Let (M, g) be a positive qk-manifold which is of cohomogeneity one under the (almost) effective action of a connected, compact Lie group G with associated triple of subalgebras of Type 1. Then G is simple.
If G is not exceptional and dim M > 8, then (M, g) is homothetic to Gr 2 (C n+2 ) or to HP n , endowed with their symmetric metrics.
Remark. The authors do not know whether the case g = f 4 is realizable.
The proof will be carried out through several Lemmata and Propositions.
We start recalling that, in Table 4 .1, we classified all pairs (h, g) of Lie algebras with h ⊂ g, rk(h) = rk(g) and h Lie algebra of a compact Lie group H acting transitively on the unit sphere S of a vector space V .
In view of Lemma 6.3, the isotropy representation of H must normalize a quaternionic structure; in terms of Lie algebra, this means that, if we choose an Ad(H)-invariant subspace m of g with g = h ⊕ m, the isotropy representation ı given by
must normalize some quaternionic structure q on m⊕V . We now prove the following algebraic Lemma Lemma 8.2. Let (h, g) be a pair of compact Lie algebras with h ⊂ g, rk(h) = rk(g) and h Lie algebra of a compact Lie group H acting transitively on the unit sphere S of a vector space V , via an exact representation j : h → o(V ). For each (h, g), we choose an ad(h)-invariant subspace m of g with g = h ⊕ m. The pairs (h, g) for which the representation ad| m + j normalizes some quaternionic structure q on m ⊕ V are given in the following table h g R + a n−1 a n
Proof. First of all it is easy to see that all the pairs (h, g) enumerated in the table have the desidered property. In order to prove the Lemma, we need to consider all the pairs (h, g) in Table 4 .1 and rule out the following (n ≥ 2)
(1) (R + c n−1 , c 1 + c n−1 ); (2) (R + c n−1 , c n ); (3) (R + a 7 , a 1 + e 7 ), (R + a 7 , R + e 7 ); (4) (a 8 , e 8 ); (5) (R + a 8 , a 1 + e 8 ), (R + a 8 , R + e 8 ); (6) (R + a 6 , e 7 ); (7) (b 4 , f 4 ); (8) (a 7 , e 7 ); (9) (R + a 1 , g 2 ); (10) (R + a 2 , a 1 + g 2 ); (11) (R + a n−1 , c n ); (12) (R + a n−1 , d n ) for n ≥ 4; (13) (R + a n−1 , b n );
This means that we have to show that the representation ı associated to each pair (1)-(16) does not normalize any quaternionic structure q on m ⊕ V .
Cases (1)- (10) are easily ruled out since dim(m ⊕ V ) is not a multiple of 4. Case (11). The pair (R + a n−1 , c n ) is an irreducible symmetric pair with dim m = n 2 + n and dim V = 2n. Let us suppose that we have a quaternionic structure q on V ⊕ m which is normalized by ı(h). We note that the ı(a n−1 )-modules V and m are irreducible. Now, the simple Lie algebra a n−1 = a 1 since k = n 2 + 3n must be a multiple of 4, hence n ≥ 3; so by Lemma 6.3, ı(a n−1 ) centralizes q. But this is not possible, since V and m are (complex) irreducible representations of a n−1 which are not quaternionic and not equivalent.
Case (12) The same argument as in (1) works. Case (13) In this case R+a n−1 ⊂ d n and the space m splits as a sum of irreducible
where m 1 is equivalent to V , while m 2 ∼ = Λ 2 (C n ). At this point we note that the each summand m 1 and m 2 remain irreducible if we restrict the representation to a n−1 . Since n = 2 by dimensional reasons, we have that ı(a n−1 ) must centralize the quaternionic structure q; but this is not possible, since m 2 is not a quaternionic (irreducible) representation of a n−1 and it appears with multiplicity one.
Case (14) In this case the representation ı of d n is equivalent to 2ρ n , where ρ n denotes the standard representation of d n on R 2n , and this is not contained in sp 1 + sp n .
Case ( Case (16) R + a 7 ⊂ e 8 . The subalgebra R + a 7 = u(8) is the centralizer of an element h of the Lie algebra e 8 . As h one can take a vector of a Cartan subalgebra of e 8 metrically dual to the fundamental weight corresponding to the exceptional root of e 8 . The decomposition of e 8 into irreducible u(8)-submodules is given by (see [GOV] ):
where V = C 8 is the standard u(8)-module and W τ denotes the fixed point set of an u(8)-invariant antiholomorphic involution ( real structure). Since the modules V, Λ 2 V, Λ 3 V are not quaternionic and are not equivalent, case (16) is impossible. Now, for each pair (h, g) enumerated in Lemma 8.2, we find all possible triples (h, k, h ) of Lie subalgebras of g. We recall that in §4 we devided the classification into three subtypes; if we exclude the existence of exceptional orbits (see Lemma 6.2), we have triples of type 1B, namely with rk(h ) = rk(g) and of type 1C, i.e. with rk(h ) = rk(k) = rk(g)-1.
Using the tables 4.2 and 4.3, we list here all possible triples (h, k, h ) of type 1 of Lie subalgebras of g with (h, g) as in Lemma 8.2. Besides standard triples (h, k, h ) with h isomorphic to h, we have g h k h a n R + a n−1 R + a n−2 R + a 1 + a n−2 a n R + a n−1 R + a n−2 a 1 + a n−2 We now proceed by analyzing the triples in Table 8 .1. We start proving the following proposition which takes care of the first three triples in Table 8 .1. Proposition 8.3. Let (M, g) be a positive qk-manifold which is acted on isometrically by a connected compact Lie group G with cohomogeneity one and associated triple of subalgebras of type 1. If the Lie algebra g of G is a n with n ≥ 3, then the manifold (M, g) is homothetic to Gr 2 (C n+2 ) or to HP n endowed with their symmetric metrics.
Conversely, the symmetric spaces Gr 2 (C n+2 ) and HP n admit isometric actions of the group G = SU n+1 of cohomogeneity one and associated triple of type 1.
Proof. If we allow the action of G to be almost effective, we may suppose that G = SU n+1 . Let us consider the associated triple of subgroups (H, K, H ) (resp.,subalgebras (h, k, h )) of G (resp., g). Looking at Table 8 .1, we see that h = R + a n−1 ; the subgroup H has therefore connected component of identity H 0 = U n ⊂ SU n+1 . Since the normalizer N SUn+1 U n = U n , we get that H is connected; so H = U n and one singular orbit is diffeomorphic to CP n . First of all, we prove the following Lemma, Lemma 8.4.
(1) A regular orbit R = G/K is simply connected and has second Betti number b 2 = 1. (2) The singular orbit G/H is simply connected.
(1) Indeed we have a sphere bundle S 2n−1 → R → CP n ; the first assertion follows from the long exact homotopy sequence associated to this bundle and the second assertion from the Gysin sequence (1.2.5).
(2) We know that the singular orbit G/H has codimension 2n in M . By the general position theorem, we get that M \(G/H) is simply connected; our claim now follows from the fact that G/H is a deformation retract of M \ (G/H).
We will now examine the second singular stability subgroup H with its normal representation j : H → O(V ) and prove the following Lemma 8.5. We have dim V ≥ 3.
Proof. Indeed dim V ≥ 2, since we know from Lemma 6.2 that there are no exceptional orbits. So, we have to rule out the case dim V = 2. If this is the case, we use the Gysin sequence associated to the fibering S 1 → R → G/H , to get
Since G/H is simply connected by Lemma 8.4, H 1 (G/H ) = {0} and therefore b 2 (G/H ) = 2; but then by the Mayer-Vietoris sequence (1.2.1), we would have
which yields b 2 (M ) = 2 and this is not possible, according to Theorem 6.1,(3).
We now prove the next Lemma Lemma 8.6. When dim V ≥ 4, we have b 2 (M ) = 1 and the manifold (M, g) is homothetic to the grassmannian Gr 2 (C n+2 ). Conversely, the symmetric space Gr 2 (C n+2 ) admits an isometric action of the group G = SU n+1 of cohomogeneity one and associated triple of subalgebras θ = (R + a n−1 , R + a n−2 , R + a 1 + a n−2 ).
Proof. By Lemma 8.4, the singular orbit G/H is simply connected, hence orientable and we may use the Gysin exact sequence in cohomology associated to the sphere bundle
R) and, by Lemma 8.4, we obtain that b 2 (G/H ) = 1. By the Mayer-Vietoris exact sequence (1.2.1), we have
hence b 2 (M ) = 1 and the manifold (M, g) is homothetic to the grassmannian Gr 2 (C n+2 ) by Theorem 6.1, (3). Conversely, it is easy to see that the group G = SU n+1 , viewed as a subgroup of SU n+2 acts isometrically on Gr 2 (C n+2 ) = SU n+2 /S(U 2 × U n ) with cohomogeneity one and associated triple as claimed.
We are left with the case dim V = 3. Looking at the Table 8 .1, the only triple with g = a n and dim h − dim k = 2 is θ = (R + a n−1 , R + a n−2 , a 1 + a n−2 ).
We note here that, when n ≥ 3, there is only one subalgebra h of a n which is isomorphic to a 1 + a n−2 and contains k = R + a n−2 .
By Lemma 8.4, the two subgroups K and H are both connected and the triple θ of subalgebras corresponds to the triple of subgroups θ = (H, K, H ) = (U n , U n−1 , SU 2 × SU n−1 ).
The proof of the proposition will be complete proving the following Lemma 8.7.
(1) The group G = SU n+1 acts on the qk-manifold HP n with cohomogeneity one and associated triple θ = (U n , U n−1 , SU 2 × SU n−1 ).
(2) If the Lie group G = SU n+1 acts isometrically on a qk-manifold (M, g) with cohomogeneity one and associated triple θ of Type 1, then (M, g) is homothetic to HP n endowed with its symmetric metric.
(1) Indeed, we consider the standard embedding of G into Sp n+1 and let it act on HP n = Sp n+1 /Sp 1 · Sp n (the action of G is almost effective and becomes effective after factorization by Z 2 if n is odd). If we consider the geodesic
it is easy to see that γ is a geodesic segment for the G-action and that the associated triple coincides with θ.
(2) By Theorem 1.2.4 and point (1), we get that M is diffeomorphic to HP n and, by Theorem 6.1, (2), we have that (M, g) is homothetic to HP n with its symmetric metric.
Remark. When n = 2 and g = a 2 , the manifold is eight-dimensional, hence symmetric by [PoSa] ; but, the complex grassmannian is not the only example, since the group SU (3) acts on the Wolf space G 2 /SO(4) with cohomogeneity one.
We now prove the following Proposition, which takes care of the case when g = c n .
Proposition 8.8. Let (M, g) be a positive qk-manifold which is acted on isometrically by a connected compact Lie group G with cohomogeneity one and associated triple of subalgebras of Type 1. If the Lie algebra g = c n+1 with n ≥ 2, then the manifold (M, g) is homothetic to the symmetric space Gr 2 (C 2n+2 ). Conversely, the symmetric space Gr 2 (C 2n+2 ) admits an isometric action of the group Sp n+1 with cohomogeneity one and associated triple of subalgebras of Type 1.
Proof. We will follow the same lines as in the proof of Prop. 8.3. We denote by θ = (H, K, H ) (resp., (h, k, h )) the associated triple of subgroups (resp., subalgebras) of G (resp., g) and, looking at Table 8 .1, we see that h = c 1 + c n . If we allow the action of G to be almost effective, we may take G = Sp n+1 , so that the connected component Table 8 .1, we see that the only possible triples of subalgebras (h, k, h ), including the standard one, are the following: The proof of next Lemma is analogous to the one given for Lemma 8.4.
Lemma 8.9.
(1) A regular orbit R = G/K is simply connected and has b 2 = 0.
(2) The singular orbit G/H is simply connected, hence H is connected.
Using some topological arguments, we may prove the following Lemma 8.10. Let (M, g) be a positive qk-manifold which is acted on isometrically by a connected compact Lie group G with cohomogeneity one and associated triple θ of subalgebras of Type 1. If the Lie algebra g = c n+1 , then
Proof. We have to rule out the cases (1) and (2) in the Table 8 .2. First of all we note that in both cases codim G/H = dim h − dim k + 1 ≥ 4 and this implies, by the general position theorem, that
On the other hand M \ (G/H ) is a bundle over G/H ∼ = HP n with contractible fibres, hence π 2 (M ) ∼ = π 2 (M \ (G/H )) = {0}. By Theorem 6.1, part (4), cases (1) and (2) would occur iff M should be diffeomorphic to HP 2n . We now show that this is not possible.
Indeed, in case (1), h is conjugate to h and G/H is diffeomorphic to HP n . It then follows from Prop. 1.2.1 that χ(M ) = 2(n + 1), while, on the other hand, χ(HP 2n ) = 2n + 1 and this is a contradiction. In case (2), it is easy to check that χ(G/H ) = n(n + 1) (see e.g. [GHV] ), so that χ(M ) = (n + 1) 2 > χ(HP 2n ) = 2n + 1, which gives a contradiction.
The proof of the theorem will be complete proving the following Lemma 8.11. Let (M, g) be a positive qk-manifold which is acted on isometrically by a connected compact Lie group G with cohomogeneity one. If the Lie algebra g is c n+1 and the associated triple of subalgebras of g is of Type 1 and it is given by
) is homothetic to the symmetric space Gr 2 (C 2n+2 ). Conversely, the symmetric space Gr 2 (C 2n+2 ) admits an isometric action of the Lie group Sp n+1 with cohomogeneity one and associated triple of subalgebras θ of Type 1.
Proof. (1) We will show that b 2 (M ) = 1, forcing the manifold to be homothetic to the grassmannian Gr 2 (C 2n+2 ) by Theorem 6.1, part (3). Since dim h − dim k = 1, the fibration G/K → G/H has S 1 as typical fibre; using the Gysin sequence 1.2.5 and Lemma 8.9, we get
which yields b 2 (G/H ) = 1; by the Mayer-Vietoris sequence 1.2.1, we get H 2 (M ) ∼ = H 2 (G/H ) and we are done. (2) the standard embedding of Sp n+1 into SU 2n+2 induces an action of Sp n+1 on Gr 2 (C 2n+2 ) = SU 2n+2 /S(U 2 × U 2n ), which is easily seen to be of cohomogeneity one, with associated triple θ of Lie subalgebras.
We now come to the proof of the main theorem Proof of Theorem 8.1. We have to prove that G is simple. We have found in Lemma 8.2 the possible candidates for the Lie algebra g of G; in particular the only non simple case is given by g = R + g 2 , with singular isotropy subalgebra h given by R + a 2 . This case is excluded by the following Lemma Lemma 8.12. Let (M, g) be a positive qk-manifold which is acted on isometrically and effectively by a Lie group G with cohomogeneity one and associated triple of subalgebras of type 1. Then g cannot be isomorphic to R + g 2 .
Proof. We suppose that g = R + g 2 ; by Lemma 8.2, we know that, if (h, k, h ) is the associated triple of subalgebras, then h = R + a 2 . Note that, since the group G 2 is centerless, we have G = S 1 × G 2 . We then have that one singular orbit S = G/H is given by the sphere G 2 /SU 3 ∼ = S 6 and dim M = 12. First of all, we exclude the possibility that M is isometric to the complex grassmannian Gr 2 (C 5 ): indeed, the Lie algebra of the full isometry group of Gr 2 (C 5 ) is a 4 and g does not embed into a 4 , since g 2 has no 5-dimensional complex representation.
By Theorem 6.1, (3), it follows that b 2 (M ) = 0. We now use a result by LeBrun and Salamon ( [LBS] ), stating that, for 12-dimensional positive qk-manifold, we have b 6 (M ) = 2b 2 (M ). In our case we have therefore b 6 (M ) = 0 and χ(M ) = 2(1 + b 4 (M )).
We denote by S = G/H the second singular orbit and note that S is simply connecte, since the codimension of S is bigger that 3. We now have χ(M ) = χ (S 6 ) + χ(S ) = 2 + χ(S ), so that χ(S ) = 2b 4 (M ). We now consider a regular orbit R, which fibers over S 6 with typical fibre S 5 . By the Gysin exact sequence in cohomology, we have tha b 3 (R) = b 4 (R) = 0. Using the Mayer-Vietoris sequence (1.2.1), we have
hence b 4 (S ) = b 4 (M ) and χ(S ) = 2b 4 (S ). Since H is of maximal rank in G, all odd Betti numbers of G/H vanish (see [Bo] ) and therefore χ(S ) = 2b 4 (S ) implies dim S = 4. But there is no subgroup of G of dimension 11 and this contradiction proves our claim.
So far we have proven that G must be simple. If G is not exceptional, then by the table in Lemma 8.2, we have g = a n or g = c n and our claim follows from Propositions 8.3 and 8.8.
Our last assertion is about the case g = g 2 . We prove the following Lemma 8.13. Let (M, g) be a positive qk-manifold which is acted on isometrically by a compact Lie group G with Lie algebra g 2 and associated triple of subalgebras (h, k, h ) of type 1. Then h ∼ = h ∼ = 2a 1 .
Proof. By Lemma 8.2, we have only two possibilities for h, namely h = a 2 or h = 2a 1 . Using the same argument as in Lemma 8.12, we rule out the possibility h = a 2 . We must prove that h ∼ = h.
We note that, since the group G 2 is centerless, G = G 2 and H = SO 4 ; again we have that dim M = 12. As in the proof of Lemma 8.13, we may assume that b 6 (M ) = 0 and therefore χ(M ) = 2(1 + b 4 (M )). If S = G 2 /SO 4 and S = G/H are the two singular orbits, we have that S is simply connected and has positive dimension (see §7); moreover χ(M ) = 2(1 + b 4 (M )) = χ(S) + χ(S ) = 3 + χ(S ), so that χ(S ) = 2b 4 (M ) − 1 > 0 and H is of maximal rank in G. We recall that
where w(·) denotes the order of the Weyl group. Therefore χ(S ) is an odd integer which devides 12, so χ(S ) = 3 and w(H ) = 4. Since H is connected and of maximal rank, it is contained into some maximal subgroup of maximal rank in G 2 , which are, up to isomorphism, only SU 3 and SO 4 . But, since w(SU 3 ) = 6 and w(H ) does not devide 6, we have that H is isomorphic to SO 4 .
We now consider the associated triple of subalgebras (h, k, h ) = (2a 1 , a 1 , h ) with h ∼ = 2a 1 and note that there is only one subalgebra of g 2 which is isomorphic to h = 2a 1 and contains k = a 1 , namely h = h.
It then follows from Theorem 1.1.3 and the previous Lemma, that there is, up to diffeomorphism, at most one positive qk-manifold of cohomogenity one under the action of G 2 and with associated triple of subalgebras of type 1.
On the other side, the group G 2 acts on the Wolf space M = SO 7 /SO 4 × SO 3 by considering the standard embedding G 2 → SO 7 ; this action is easily seen to be of cohomogeneity one and with associated triple of subalgebras of type 1. Our last claim is now proved.
Quaternionic Kähler manifolds of type 2.
The aim of this section is to prove the following Theorem Theorem 9.1. There exists no positive qk-manifold (M, g) of dimension greater than eight, which is acted on isometrically by a connected, compact Lie group G with cohomogeneity one and with associated triple of subalgebras of Type 2.
The proof will rely on the results obtained in §5; in particular in table 5.1 , we enumerated all Type 2 positive triples (h, k, h ) of a compact Lie algebra g.
Proof of the Theorem. Let (h, k, h ) be the associated triple of subalgebras of g. We recall that by Lemma 6.3, each isotropy representation associated with h, k, h has to normalize some quaternionic structures. We recall that we may decompose g as sum g = h + m, where m is an ad(h)-invariant subspace of g; the isotropy representation ı of h is then given by ad|m + j, where j : h → o(V ) is the normal isotropy representation. We will now check each triple θ appearing in Table 5 .1.
(1) g = b n , θ = (R + d n−1 , d n−1 , b n−1 ), n > 3. If we restrict ı to the simple summand d n−1 , we have that ı(d n−1 ) centralizes some quaternionic structure on m ⊕ V ; on the other hand, in both cases, the d n−1 -module m ⊕ V splits as an othogonal sum of invariant subspaces m ⊕ V = p 0 + 3p, where p 0 is a trivial 4-dimensional module and p ∼ = R 2n−2 is the standard representation space of d n−1 . It would then follow that the subspace p + p + p has an invariant quaternionic structure and this is not possible.
(2) g = d n , θ = (R + d n−1 , d n−1 , b n−1 ). In this case dim M = dim g − dim k + 1 = 4n − 2 which is not a multiple of 4. (3) g = b 3 ; in this case we have dim M = dim g−dim k+1 = 14. (4) g = a 1 +g 2 , θ = (R + a 2 , a 2 , g 2 ); in this case dim M = 10; (5) g = R + g 2 θ = (R + a 2 , a 2 , g 2 ); in this case dim M = 8. where p 0 is a trivial 4-dimensional module and p 1 ∼ = R 2n−2 is the standard representation space of d n−1 . So, there is no quaternionic structure on m ⊕ V which is centralized by ı(d n−1 ).
